Atom laser dynamics in a tight-waveguide 
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We study the transient dynamics that arise during the formation of an atom laser beam in a 
tight waveguide. The time dependent density profile develops a series of wiggles which are related 
to the diffraction in time phenomenon. The apodization of matter waves, which relies on the use of 
smooth aperture functions, allows to suppress such oscillations in a time interval, after which there 
is a revival of the diffraction in time. The revival time scale is directly related to the inverse of the 
harmonic trap frequency for the atom reservoir. 



£^ ' PACS numbers: 

<S . 

Atom lasers have recently been created in the laboratory and stand up for their applications in atom lithography 
and interferometry. Similar to their light analogues, they consist in coherent and directed (matter-) wave beams, 
which are extracted from a Bose-Einstein condensate (BEC). 

Different schemes have been proposed to out-couple the atoms from the BEC reservoir. One of the prototypes uses 
two-photon Raman excitation to create "output coupled" atomic pulses with well defined mean momentum which 
overlap and form a quasi-continuous beam P, Q (For other approaches see e.g. Q or Q). The features of the 
beam profile are of outmost importance for applications @, @, 0, and depend on the pulse shape, duration, emission 
. frequency, and initial phase Q. 

We study the dynamics of a beam created by multiple overlapping pulses, transversely confined in a tight waveguide 
and with negligible interactions between the out-coupled atoms. It is found that an oscillatory pattern appears in the 
density profile of the beam which is closely related to the diffraction in time phenomenon. If the switching process is 
slow, such oscillations are suppressed on a time window after which there is a revival of the diffraction in time. The 
time scale in which the spatial fringes appear is related to the the spatial width of the out-coupled pulses. 



I. TURNING-ON THE SOURCE 

£SJ ' Following the recent realization of an atom laser in a waveguide Q , we shall consider the dynamics of matter waves 
with momentum hko released in a waveguide of frequency tight enough so that the transverse excitation quanta 
Tloj± is much larger than any other relevant energy scales. Under such assumption, the radial degrees of freedom, 
being frozen, play no role and the system becomes effectively one dimensional. Moreover if the setup is horizontal, the 
gravitational field is constant, avoiding the decrement of the de Broglie wavelength X^b — ^ir/ko due to the downward 
acceleration observed in vertical setups [9(. However, the effects of an arbitrary time-dependent linear potential, of 
interest to achieve controlled transport, can be included following [To( | . 

The time evolution along the longitudinal axis can be tackled using "source" boundary conditions of the form 



^ = 0,t)=x(i)e- iu « f , VOO, (1) 

where the "carrier" frequency is related to the characteristic wavenumber of the beam by lvq = fi.fco/2m, and the 
aperture function %(t) modulates the wave amplitude at the source. Such localized sources II lL 1 121 have been used 
for understanding tunneling dynamics and related time quantities such as the tunneling times [131 ] , transient effects 
in neutron optics 0, HE HE] , and diffraction of atoms both in time and space domains [l7l . [l8j . The connection and 
equivalence between "source" boundary conditions, in which the state is specified at a single point at all times and 
the usual initial value problems, in which the state is specified for all points at a single time, was studied in p^ ]. 

Whenever the modulation of the source is sudden (x(t) = 0(i), where 0(i) is the Heaviside step function) the 
resulting dynamics exhibits a wiggly density profile that, by analogy with the diffraction of light from a semi-infinite 
plane, became known as diffraction in time [IE [2l|. Figure Q] shows a snapshot of the density profile of a suddenly 
turned-on atom beam, with the oscillatory pattern which is the tale-telling sign of diffraction in time. This singular 
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FIG. 1: Schematic snapshot of a suddenly turned-on atom beam propagating rightwards along a waveguide and exhibiting 
diffraction in time. The wavefront of the density profile (d.p.) develops a set of oscillations, which is the hallmark feature 
of diffraction in time, in contrast with the uniform classical case. Whenever the harmonic transverse confinement V is tight 
enough (represented by the concave sheet), the radial degrees of freedom are frozen out and the dynamics becomes essentially 
one dimensional, along the longitudinal axis x. 




FIG. 2: Apodization in time. Removal of the sudden approximation in the switch of a matter wave source leads to the 
suppression of oscillations in the beam profile characteristic of the diffraction in time. The 87 Rb beam profile is shown at 
t — 20ms, and hka/m = lcm/s. For increasing r the amplitude of the oscillations diminishes and the signal is delayed. 



matter wave phenomenon has been observed in a wide variety of systems including ultracold neutrons [16| and atoms 
[22I ] , electrons [23| , and even Bose-Einstein condensates [H| • Such experimental flurry together with the simplicity of 
Moshinsky's result has spurred a series of works dealing with more complex setups [loL fl8l I25L 126^ . 

Here, instead of sudden switching we shall consider smooth aperture functions, i.e., "apodization", a technique 
well-known in Fourier optics to avoid the diffraction effect at the expense of broadening the e nerg y distribution [281 ] . 
Manifold applications of this technique have also been found in time filters for signal analysis [291 ] . 



II. SMOOTH SWITCHING: APODIZATION AND DIFFRACTION IN TIME 

In this section we shall study the modification of matter-wave dynamics for slow aperture functions with a finite 
switching time t. We introduce the continuous switching function 

x s (t) = {0, t<0 X (t), 0<<<rl, t>T, 

where the superscript s denotes that the source remain open for all t > (a switch). The family for which x(t) = 
sin" Q s t with n = 0, 1, 2 and fl s = it/2t was considered in [8(, where it was shown that for fixed r, the apodization 
of the beam increases with the smoothness of x{t)> this is, with n. Note that for n = 0, one recovers the sudden 
aperture Xo(t) — ®(*) which maximizes the diffraction-in-time fringes. We shall consider a sine-square modulation in 
what follows (n = 2) and concentrate on the dependence on t. 

Increasing the switching time t leads to an apodization of the oscillatory pattern. As a result the fringes of the beam 
profile are washed out, see Fig. In this sense, the effect is tantamount to that of a finite band-width source 
and indeed this is the key to apodization, the suppression of diffraction is achieved broadening the energy distribution 
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FIG. 3: Revival of the diffraction in time. During the time evolution of an apodized source, there is a revival of the diffraction 



in time in the time scale t r = loot' 
following a sine-square function) . 



(r = 1ms, hko/m = 0.5cm/s, and t r 



16.8ms for a s 'Rb source which is switched on 




FIG. 4: Switching aperture function decomposition. In a switching process the aperture function has a finite transient compo- 
nent responsible for the apodization (filled area). Such apodization cap is followed by a step excitation for t > r (shaded area) 
which leads eventually to the revival of diffraction in time. 



[28l . l29f | . It is also analogous to the suppression of the current transients in tunneling through a time-dependent 
barrier. Whenever the modulation of the potential is slow enough, the resulting dynamics becomes adiabatic and the 
tunneling current tends to the quasistatic equilibrium current [30j . 

However, the apodization lasts only for a finite time after which a revival of the diffraction in time occurs, as 
shown in Fig. [3] The intuitive explanation is that the intensity of the signal from the apodization "cap" , see Fig. 
IH decays with time whereas the intensity of the main signal (coming from the step excitation) remains constant. 
For sufficiently large times, the main signal, carrying its diffraction-in-time phenomenon, overwhelms the effect of 
the small cap. Indeed, from the linearity of the Schrodinger equation, it follows that the wavefunction is the sum of 
a "half-pulse" term associated with the switch released during the interval [0, r] and a semi-infinite beam suddenly 
turned on at time t = r. 

One can estimate the revival time by considering the momentum width induced by the apodization cap, Ap i=s 
y / 2mh(ujQ + fl s ) — y / 2mh(ujQ — fl s ) y/2mhuJo^pp, and ballistic spread of the cap half-pulse (we have checked 
numerically that the classical dispersion relation for such pulse Ax{t) ~ Ax(0) + Apt r /m holds). 



The ratio of the spatial widths corresponding to the initial and evolved cap ip^ is given by 



R 



Aar(0) 



Ax(0) ^ 
Ax(t r ) ~ Aar(O) + Apt r /m 



Taking Ax(0) = y/ zHuiq / 'mr and imposing R — 1/2 leads to the expression for a revival time scale 

t r W W T 2 , 



(2) 



(3) 



which is analogous to the Rayleigh distance of classical diffraction theory but in the time domain [31( . The smoothing 
effect of the apodizing cap cannot hold for times much longer than t r . This is shown in Fig. [3l where the initially 
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apodized beam profile develops eventually spatial fringes, which reach the maximum value associated with the sudden 
switching at t w 2t r . 

III. MULTIPLE PULSES 

The matter-wave d yna mics of a single pulse obtained from a source by means of an aperture function x^CO nas 
been described in [8, 18] (hereafter, the superscript denotes the number of pulses in the aperture function). Both 
the aperture function x^Wj an d time-dependent wavefunction of the associated pulse ip^{x,t), allow a simple 
description of matter wave sources periodically modulated in time. 

More precisely, the A^-pulse aperture function x can be written as a convolution of x (f) with a grating function 
g(t). If the grating function g(t) is chosen to be a finite Dirac comb g(t) = SjLo 1 ^ — jT), it follows that 

. N-l 

x w (t) = x (1) (*)*ffW = / dt'x^it-t'Mt') = ]T X {1) (t-jT). (4) 

J 3=0 

Such modulation describes the formation of N consecutive x^-pulses, each of them of duration r and with an 
"emission rate" (number of pulses per unit time) X/T. 

This mathematical framework can be employed to describe an atom laser in the non-interaction limit. The exper- 
imental prescription for an atom laser depends on the out-coupling mechanism. Here we shall focus on the scheme 
described in [l|,|2(]. The pulses are obtained from a condensate trapped in a MOT, and a well-defined momentum is 
imparted on each of them at the instant of their creation through a stimulated Raman process. The result is that 
each of the pulses ip^ does not have a memory phase, the wavefunction describing the coherent atom laser being 
then 

N-l 

<j> W (x, k ,t)=J2 (x, ko,t- jT; r)Q(t- jT). (5) 
3=0 

The Heaviside function Q(t — jT) implies that the j-th pulse starts to emerge only after jT. It is interesting to impose 
a relation between the out-coupling period T and the kinetic energy imparted to each pulse Tiujq, such that uqT = In, 
where if I is chosen an even (odd) integer the interference in the beam profile l^^l 2 is constructive (destructive). 

The diffraction in time is a coherent quantum dynamical effect, we may expect it to be affected by noise in the 
environment. If the phases between different pulses are allowed to fluctuate, the interference pattern is affected [32| . 
Moreover, if there is no phase coherence between different pulses, the resulting density profile is the incoherent sum 
of the single-pulse densities, p(x, t) = Y2j (x, fe , t — jT; r)| 2 0(i — jT), which we shall use as a reference case. 

One advantage of employing stimulated Raman pulses is that any desired fraction of atoms can be extracted from 
the condensate. Let us define s as the number of atoms out-coupled in a single pulse, ip^\ The total norm for the 
iV-pulse incoherent atom laser is simply Mi nc — sN . A remarkable fact for coherent sources is that the total number 
of atoms Af c out-coupled from the Bose-Einstein condensate reservoir depends on the nature of the interference [H[ . 
Therefore, in Fig. Owe shall consider the signal relative to the incoherent case, namely, \<j> (x, £)| 2 /-Mnc- 

Note the difference in the time evolution between coherently constructive and incoherent beams in Fig. [5] At short 
times both present a desirable saturation in the probability density of the beam. However, in the former case a revival 
of the diffraction in time phenomena takes place in a time scale ioqt 2 , similar to the smooth switching considered in 
section [TTJ whereas the later develops a bell-shape profile. 

IV. REVIVAL OF THE DIFFRACTION IN TIME IN AN ATOM LASER 

In an atom laser, the revival time can be related to the frequency of the BEC reservoir trap Wt rap , which determines 
the width of the out-coupled pulses. 

First we note that whenever the overlap amongst different pulses is coherently constructive or with phase memory 
(as in the periodic chopping of a beam), an effective single-pulse aperture function can be introduced. Indeed, if 
t/T ^> 1 as in the actual experiments [3, 0, it follows that an effective single-pulse aperture function of duration 
r e ff = (N — 1)T + r can be introduced, with a plateau in the time interval [r, NT — r] and both a front and a back 
cap of duration r associated with the switching on and off. These caps determine the revival time lo^t 2 . 

Assume that atoms are out-coupled from the n-th longitudinal mode of the reservoir trap, whose spatial width is 
£n = [(n + X/2)fi/mijJt r ap] 1 ^ 2 ■ Using ujq = fi,fc 2 /2m, and the semiclassical relation r n = m^ n /hko, the revival time 
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FIG. 5: Time evolution of the density profile of a 23 Na atom laser beam modulated by a sine-square function with r = 0.833ms, 
T = 0.05ms, moving at 3.73cm/s in the a) coherently constructive, b) incoherent case. Note that x c i = Tikot/m is the classical 
trajectory. In all cases the norm is relative to the incoherent case, as explained in the text. The revival time is 174.4 ms. 
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becomes 

' \ 2) 2oj trap ^ ^ 

A non-interacting Bose-Einstein condensate, one can take n = Q. This is a remarkable relation which states that 
diffraction in time manifest itself since the beginning of the experiment in the limit of very tight traps which lead 
to narrow pulses. However, if the Bose-Einstein condensate trap is broad, so will be the out-coupled pulses and 
apodization will suppress the oscillations on the density profile for times smaller than the revival time. 



V. DISCUSSION 



We have studied the dynamics of non-interacting boson sources which are modulated in time with an arbitrary 
aperture function. Whenever the modulation is sudden, the spreading of the source exhibits an oscillatory pattern in 
the density profile, which is the tale-telling sign of the quantum diffraction in time phenomenon. For smooth aperture 
functions the oscillations are suppressed, thus bringing to the quantum domain the classical apodization techniques 
usual in signal analysis and Fourier optics. However, for long or multiple overlapping pulses the smoothing is limited 
by a time scale t r , associated with a revival of the diffraction-in-time phenomenon. Multiple pulse formation has 
been examined for different possible cases. For constructive or for random averaged phases, a saturation effect occurs 
providing a flat intensity profile before t r , which later develops spatial fringes and a bell-shape profile respectively. 

Though our results consider the dynamics under strong transverse confinement, they can be extended beyond 
one dimension. Indeed, the effect of the dimensionality on the diffraction in time phenomenon, have already been 
considered in a different context, namely, the expansion of a single particle from cylindrical and spherical traps [34Ll35j. 
The result is that the amplitude of the oscillations decreases in two and three dimensional setups in comparison with 
the dynamics along a tight-waveguide presented here. 

Finally, we have restricted this work to the case of non-interacting bosons. However, the presence of interactions 
between the out-coupled atoms is expected to reduce the amplitude of the diffraction in time phenomenon, as suggested 
by previous studies of quantum transients in the strongly interacting regime [27j . 
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